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Abstract
This paper describes a design methodology for constructing machine vision systems.
Central to this is the use of empirical design techniques and in particular quantitative
statistics. The approach views both the construction and evaluation of systems as one and
is based upon what could be regarded as a set of self-evident propositions;
• Vision algorithms must deliver information allowing practical decisions regarding
interpretation of an image.
• Probability is the only self-consistent computational framework for data analysis,
and so must form the basis of all algorithmic analysis processes.
• The most effective and robust algorithms will be those that match most closely the
statistical properties of the data.
• A statistically based algorithm which takes correct account of all available data will
yield an optimal result. 1 .
Machine vision research has not emphasised the need for (or necessary methods of)
algorithm characterisation, which is unfortunate, as the subject cannot advance without
a sound empirical base. In general this problem can be attributed to one of two factors;
a poor understanding of the role of assumptions and statistics, and a lack of appreciation
of what is to be done with the generated data.
The methodology described here focuses on identifying the statistical characteristics of
the data and matching these to the assuptions of the underlying techniques. The methodology has been developed from more than a decade of vision design and testing, which
has culminated in the construction of the TINA open source image analysis/ machine
vision system [htt://www.tina-vision.net].

1 Background
Attempting to solve vision problems of any real complexity necessitates, as in other engineering disciplines, a modular approach (a viewpoint popularised as a model for the human vision
system by David Marr [18]). Therefore most algorithms published in the machine vision literature attend to only one small part of the “vision” problem, with the implicit intention that
the algorithm could form part of a larger system What follows from this is that bringing these
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together as components in a system requires that the statistical characteristics of the data
generated by one module match the assumptions underpinning the next.
In many practical situations problems cannot be easily formulated to correspond exactly to
a particular computation. Compromises have to be made, generally in assumptions regarding
the statistical form of the data to be processed, and it is the adequacy of these compromises
which will ultimately determine the success or failure of a particular algorithm. Thus, understanding the assumptions and compromises of a particular algorithm is an essential part
of the development process. The best algorithms not only model the underlying statistics of
the measurement process but also propagate these effects through to the output. Only if this
process is performed correctly will algorithms form robust components in vision systems.

2 Technology and Scenario Evaluation
The evaluation of vision systems cannot be separated from the design process. Indeed it
is important that the system is designed for test by adopting a methodology within which
performance criteria can adequately be defined. When a modular strategy is adopted, system
testing can be usefully considered as a two stage process [21] ;
• the evaluation of the statistical distributions of the data and comparison with algorithmic assumptions in individual modules; technology evaluation,
• the evaluation of the suitability of the entire system for the solution of a particular type
of task; scenario evaluation.
The process of scenario evaluation is often time consuming and not reusable. The process
of technology evaluation is complex and involves multiple objectives, however the results
are reusable for a range of applications. It therefore merits effort and should be attempted.
Ideally, we would like to be able to specify a limited set of summary variables which define
the requirements of the input data and the main characteristics of the output data, in a manner similar to an electronic component databook. However, it must be remembered that it
is the suitability of the output data for use in later modules which defines performance, and
in some circumstances it may not be easy (or even possible) to define performance independent of practical use of the data. For instance, problems can arise when the output data
of one algorithm is to be fed into several subsequent algorithms, each having different or
even conflicting requirements. The most extreme example of this is perhaps scene segmentation where, in the absence of a definite goal, a concise method for the evaluation of such
algorithms is likely to continue to be a challenge [26].
Machine vision research has not emphasised the need for (or necessary methods of) algorithm characterisation. This is rather unfortunate, as the subject cannot advance without
a sound empirical base [12]. In our opinion this problem can generally be attributed to one
of two main factors; a poor understanding of the role of assumptions and statistics; and a
lack of appreciation of what is to be done with the generated data. The assumptions behind
many algorithms are rarely clearly stated and it is often left to the reader to infer them2 . The
failure to present clearly the assumptions of an algorithm often leaves the reader confused as
to the novel or valid aspects of the published research and can give the impression that it is
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possible to create good algorithms by accident rather than design. In addition, the inability
to match algorithms to tasks may lead those who require practical solutions to real problems
to conclude that little (if anything) published in this area really works. When in fact, virtually
all published algorithms can be expected to work, provided that the input data satisfy the
assumptions implicit in the technique. It is the unrealistic nature of these assumptions (e.g.
noise free data) which is more likely to render algorithms useless.
The following is a description of a methodology for the design of vision module components. This methodology focuses on identifying the statistical characteristics of the data
and matching these to the assumptions of particular techniques. The methods given in the
appendices have been drawn from over a decade of vision system design and testing, which
has culminated in the construction of the TINA machine vision system [29]. These include a
combination of standard techniques, (such as covariance estimation and error propegation)
and less standard ones (such as modal arithmetic, equal variance transforms and optimal fusion of hypothesis tests) which we have developed to address specific problems in algorithm
design. Other techniques, more specific to evaluation of matching and classification, such as
reciever operator curves and algorithmic modelling [34], are beyond the scope of this paper.

3 A Methodology Based on Quantitative Statistics
There are several common models for statistical data analysis, all of which can be related at
some stage to either the principle of maximum likelihood or hypothesis tests. The likelihood
framework provides methods for the estimation and propagation of errors, which are essential for characterising data at all stages in a system. Likelihood based approaches begin by
assuming that the data under analysis conforms to a particular distribution. This distribution
is used to define the probability of the data given an assumed model (appendix A). Hypothesis tests are based upon the probability that data drawn from the model would be less like
that which has been observed (appendix F). The following sections discuss the checks that
must be made on data in order to use these approaches properly.

3.1 Input data
The first step in evaluating an algorithmic module is identification of the appropriate model
and empirical confirmation of the distribution with sample data. Appropriate methods for this
task include; correlation analysis, histogram fitting and the Kolmogorov-Smirnov test [28].
The interpretation of the results from such processes require knowledge of the consequences
of deviation from the expected distribution. In general, the greatest problems are caused
by outliers (see below) although, the closer the data distributions conform to the assumed
model, the better the expected results. Assumptions which prove valid for one algorithm, can
often prove useful in the design of new algorithms. Some distributions commonly used in the
machine vision literature are listed in table 1.
Although there are no general restrictions on the shape of these distributions the most
common are Gaussian, Binomial, Multinomial and Poisson. These correspond to commonly
occurring data generation processes. The central limit process ensures that the assumption
of Gaussian distributed data forms the basis of many algorithms. This leads to tractable
algorithms as the log-likelihood formulation of a Gaussian assumed model takes the particularly simple form of a least-squares statistic, which can often be formulated as a closed form
3

Example Task
Basic Data
Statistical Analysis
Shape Analysis
Motion
3D Objection Location

Data
Images
Histograms
Edge location
Line fits
Corner features
Stereo data

Error Assumption
Uniform random Gaussian
Poisson sampling statistics
Gaussian perpendicular to edge
Uniform Gaussian on end-points
Circular (Elliptical) Gaussian
Uniform in disparity space

Table 1: Standard error model assumptions.

solution (appendix A). It is therefore useful to know that certain non-linear functions will
transform the other common distributions to a form which approximates a Gaussian with
sufficient accuracy to enable least-squares solutions to be employed (appendix D).
Unfortunately, most practical situations generate data with long tailed distributions (outliers). The problems associated with outliers in data analysis are well known. However, what
appears less well understood is the reason for the complete lack of closed form solutions
based upon a long tailed distribution. By definition only a simple quadratic form (or monotonic mapping thereof) for the log-likelihood, can be guaranteed to have a unique minimum.
Long tailed (non-Gaussian) likelihood distributions inevitably result in multiple local minima
which can only be located by explicit search (e.g. the Hough transform) or optimisation (e.g.
gradient descent).
Other assumptions in the likelihood formulation generally include those of data independence. Independence can be confirmed by plotting joint distributions. Uncorrelated data will
produce joint distributions which are entirely predicted by the outer product of the marginal
distributions. Correlations (the lack of independence) in data can have several consequences.
Strong correlations may produce suboptimal estimates from the algorithm and covariances
may not concisely describe the error distribution. Data correlation can be elimiated using
techniques such as Principle Component Analysis (PCA), Independent Component Analysis
(ICA) or counter-propagation neural networks.

3.2 Output data
The next step in module analysis is to estimate the errors on the output data. If the output is the result of a log-likelihood measure then errors can be computed using covariance
estimation (appendix B). Covariance estimation is possible even in the presence of outliers,
provided that a robust kernel is used [19]. If the output quantities from a module are computed from noisy data the errors on the results can be calculated using error propagation
(appendix C). Both of these theoretical techniques assume Gaussian distributed errors and
locally linear behaviour of the algorithmic function.
These assumptions require validation (i.e. checks to ensure that the theory is an accurate representation of reality), which can be achieved using Monte-Carlo approaches. Once
again, techniques such as histogramming, fitting and Kolmogorov-Smirnov tests are useful.
High degrees of non-linear behaviour can be addressed using a technique we call modal arithmetic [35] (appendix E). Non-linear transformation of estimated variables may be necessary
in order to make better approximations to Gaussian distributions. It may also be necessary
to combine variables in order to eliminate data correlation. Selecting data representations
4

which provide appropriate descriptions of statistical distributions is of fundamental importance 3 . The definition of the parameters passed between algorithms can be substantially
different to naive expectation e.g. 3D data from a stereo algorithm is best represented in
disparity space (appendix D). Notice, the evaluation process has a direct influence on the
process of system design, underscoring the earlier statements that system design and performance evaluation cannot (and should not) be treated separately.
In many cases the division of tasks into modules will be driven by the statistical characteristics of the processed data and cannot be specified a priori without a very clear understanding of the expected characteristics of all system modules. Given the source of data typical
of machine vision applications it is also very likely that algorithms will produce outlier data
which cannot be eliminated by transformation or algorithmic improvement and will therefore
require appropriate (robust) statistical treatment in later modules.
A rigid application of the above design and test process (see figure 1) will produce verifiable optimal outputs from each module. Ultimately however, we will need to know if this
data is of sufficient quality to achieve a particular task, a process we will call scenario evaluation. Under many circumstances it should be sufficient to determine the required accuracy
of the output data in order to achieve this task. Alternatively, the covariance estimates from
the technology evaluation could be used to quantify the expected performance of the system
on a per-case basis.
Statistical measures of performance can be obtained by testing on a representative set of
data. We would anticipate the need to compute the probability of a particular hypothesis,
either as a direct interpretation of scene contents or as the likely outcome of an action (appendix F). Such probabilities are directly testable and can be described as honest probabilities
[10] only if they agreee with the true frequency of occurence of events, (e.g. classification
probabilities P (C|data) should be wrong 1 − P (C|data) of the time). Tested hypotheses,
such as a particular set of data being generated by a particular model, should have a uniform
probability distribution. The importance of this feature in relation to the work presented
here is that knowledge of the expected distribution for the output provides a mechanism for
self-test. Some approaches to pattern recognition, such as k-nearest neighbours, are almost
guaranteed to be honest by construction. In addition the concept of honesty provides a very
powerful way of assessing the validity of probabilistic approaches. In [24] it was shown that
iterative probabilitstic update schemes which drive probability estimates to converge to 0 or
1 cannot be honest and are therefore also not optimal.
An algorithm which makes use of all available data in the correct manner must deliver an
optimal result. This is not as uncommon occurrence in computer vision as may be assumed
and many problems (camera calibration [30], and shape recognition [31]) do have optimal
solutions. If this can be established for an algorithm then extensive evaluation (e.g. on a
large number of images) can be expected to prove only one thing, that the algorithm can only
be bettered by one which takes account of more data or assumes a more restricted model.
Use of a more restricted model will of course limit use of the algorithm, and any assumption
which prevents the generic use of an algortihm needs to be considered very carefully. It is all
to easy to design algorithms which work (at least qualitatively) on a very limited subset of
images and this is a criticism which is often made of work in this area. Using more information rather than assumptions to solve the problem might therefore be the preffered option.
In a modular system, where input data has been separated in order to make data processing
3
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more manageable, use of more data corresponds to fusion of output data. For this reason
quantitative methods of optimal data combination are of fundamental importance. Within
the probabilistic framework described above there are three ways of achieving this; combination of probability (using a learning technique such as a neural network), combination of
likelihoods (using covariances), and combination of hypothesis tests. All three of these are
described in greater detail in appendix G.

4 The TINA 3D Model Matching System
We can illustrate the quantitative statistical methodology presented here with the example of
the wireframe object location system in TINA. The original version of the 3D model matcher
was presented in [22] and [23]. Briefly the system used a sparse edge based depth map
extracted from pairs of binocular stereo images together with the corresponding camera calibration information. A geometric interpretation of the scene was constructed by fitting lines
and arcs to the depth map data. Statistical matching of 3D scene descriptions to a stored
wireframe model enabled the location of the model within the scene to be identified. Each
of these stages involve maintaining a model of data accuracy so that the assumptions made
at each stage are consistent with the input data provided. Unfortunately, accurate determination of object location in the later stages is not possible with this simple scheme as many
of the assumptions necessary to construct a working system are often violated. In particular,
illumination artifacts and shadowing often move features from their expected position or introduce new ones. These effects, combined with a least-squares estimation of object location,
guarantees problems with resulting output so that results at this stage are not fully quantitative. The closed loop validation stage (CLV) [15] closes the loop on the process, testing the
generated hypothesis against the original image data and refining this estimate without the
constraints imposed by the previous algorithmic stages (Table 2). The CLV used an iterative
robust approach which deals appropriately with outliers, thereby regaining a sub-pixel accurate estimate of object pose. Formulation within the appropriate likelihood framework also
raises the possibility of the computation of covariances on transformation parameters, which
we would expect to be necessary in any working system. Figure 2 outlines how the CLV stages
(dashed lines) compliments the model matcher (solid lines).

5 Summary and Conclusions
This document suggests a quantitative statistical approach to the design and testing of machine vision systems which could be considered as an extension of methodologies suggested
by other authors [3, 13]. We have focused on the use of likelihood and hypothesis testing
paradigms and it would be natural for a reader familiar with the machine vision literature to
feel that we have missed out other approaches which have (or have had) a higher profile in
the literature (e.g. computational geometry and image analysis as inverse optics). However,
we would argue that for the modular approach to system building to succeed we must have
appropriate control over the statistical distributions generated during analysis. Inevitably, to
acquire quantitative data for use in a system, error analysis will be required. This is possible with likelihood based techniques because they enable the construction of measures to
6

Key
A

Purpose
Edge & Corner Detection
2D Geometry Fitting

Algorithms
Canny [7]

B

Stereo Matching

PMF

C
D

3D Geometry Fitting
Sequential Model Building
Wireframe Model
Matcher

GDB
GEOMstat
SMM

E

Camera Calibration

Tsai [36]

Assumptions
Edges present in expected locations
Curves and lines can be correctly
linked and fitted
Accurate epi-polar geometry
and match metrics
Accurate camera calibration
Accurate feature locations
Gaussian errors on all extracted
features
Closed form solution is appropriate
Known calibration object present

Table 2: Algorithmic descriptions and assumptions for the 3DMM with key for shaded components in figure 2.

determine the best interpretation of the data (such as least squares) and also allow quantitative predictions to be made of the stability of estimated parameters (such as covariances).
The machine vision problem, therefore, does not stop once a closed form solution is found
(see [14] for a discussion of the use of statistics in closed form solutions). This difficult step
is often missing in the work found in the literature, yet attempting to do it can completely
alter our understanding of the apparent value or even validity of the approach. The work of
Maybank [17] demonstrated exactly this point with regard to the use of affine invariants for
object recognition.
The reader may at this point feel that there is a broader context for probability theory
than likelihoods and hypothesis testing. In particular likelihood based techniques have well
known limitations, such as bias in finite samples [9]. The problem of model selection is
endemic in the machine vision area and likelihoods cannot be directly compared between
two different model hypotheses. Approaches which aim to directly address these issues are
thus acceptable extensions to the above methodology [32]. However, some popular areas
of probability theory do not (at least yet) have comparable quantitative capabilities (e.g.
Bayesian approaches) and may therefore be unsuitable for system building. We have made
an attempt to summarise these issues in [5]. It remains to be seen whether advocates of these
approaches and others (such as Dempster-Schafer theory) are able to address these issues.
Other approaches to algorithm design use methods which are based upon apparently different principles, such as entropy and mutual information [37]. However, we regard these as
only alternative ways to formulate problems and believe that most experienced researchers
would accept that all approaches should be reconcilable with probability theory. Thus if there
already exists a likelihood based formulation of the technique, this should be taken as the
preferred approach. Obviously, if the research community as a whole accepted this viewpoint
many papers would already have been written and presented differently. As the construction
of systems from likelihood based formulations is generally likely to require optimisation of robust statistics, generic algorithms for the location of multiple local optima should be regarded
as a fundamental research issue. So too should the problem of covariance estimation from
common optimisation tasks and popular algorithmic constructs, (such as Hough transforms),

7

which have already been shown to be consistent with likelihood approaches [27, 1].
Many attempts at algorithmic evaluation in the literature focus on the specification of
particular performance metrics. Although these metrics may give some indication as to the
basic workings of an algorithm, quantitative evaluation should set as the ultimate goal an
understanding of the performance of the system. Performance metrics for modules should
therefore be specified with this in mind.
Non-quantitative evaluation is probably of more use in the early stages of algorithm construction than during the final integration into a system. However, in the methodology described a key aspect is the identification of assumptions. Knowledge of these assumptions
(and suitable methods for determining their validity) allows comparisons of algorithms to
be carried out at the theoretical level. Also, we should not be surprised when algorithms
which are built upon the same set of founding assumptions within a sensible probabilistic
framework, give near identical performance. This has been well illustrated in several pieces
of work including that by Fisher et. al [11], where alternative techniques for location of
3D models in 3D range data were found to give equivalent results to within floating point
accuracy. If careful statistical analysis of data did not give this result then it would be an
indication that probability theory itself was not self-consistent. Also, when performing comparative testing of modules we should be aware that algorithmic scope, as determined by
the restrictions imposed by the assumptions, should be taken into account in the final interpretation of results. Algorithms which give apparently weaker performance on the basis of
performance metrics may still be more applicable for some tasks. A simple example of this is
that least squares fitting will generally give a better bounded estimate of a set of parameters
than robust techniques, yet robust techniques are essential in the presence of outliers.

A Common Likelihood Formulations
Maximum Likelihood statistics involves the identification of the event Y which maximises a
probability of the form
P (X0 X1 X2 ...Xn |Y )P (Y ) = P (X0 |X1 X2 ...Xn Y )P (X1 |X2 ...Xn Y )......P (Xn |Y )P (Y )
where Xi are the observed data. For large numbers of variables this is an impractical method
for probability estimation. Even if the events were simple binary variables there are clearly an
exponential number of possible values for even the first term in P (XY ) requiring a prohibitive
amount of data storage. In the case where each observed event is independent of all others
we can write.
P (X|Y ) = P (X0 |Y )P (X1 |Y )P (X2 |Y )...P (Xn |Y )
The rather redundant use of the conditional terms |Y is often dropped for convenience. A
more detailed treatment of the theory and techniques of Maximum Likelihood statistics can
be found in [9].

Dealing with Binary Evidence
The simplest likelihood model is for binary observations of a set of variables with known
probabilities. If we make the assumption that the event Xi is binary with probability P (Xi )
then we can construct the probability of observing a particular binary vector X as:
8

P (X) = Πi (P (Xi )Xi (1 − P (Xi ))(1−Xi )
The log likelihood function is therefore
log(P ) =

X
i

Xi log(P (Xi )) + (1 − Xi )log(1 − P (Xi ))

This quantity can be minimised or directly evaluated in order to form a statistical decision regarding the likely generator of X. This is therefore a useful equation for methods of
statistical pattern recognition.

Poisson and Gaussian Data Distributions
A very common problem in machine vision is that of determining a set of parameters in a
model. Take for example a set of data described by the function f (a, Yi ) where a defines
the set of free parameters defining f and Yi is the generating data set. If we now define the
variation of the observed measurements Xi about the generating function with some random
error we can see that the probability P (X0 |X1 X2 ...XN aY0 ) will be equivalent to P (X0 |aY0 )
as the model and generation point completely define all but the random error.
Choosing Gaussian random errors with a standard deviation of σi gives;
P (Xi ) = Ai exp(

−(Xi − f (a, Yi ))2
)
2σi2

where Ai is a normalisation constant. We can now construct the maximum likelihood
function;
P (X) = Πi Ai exp(

−(Xi − f (a, Yi ))2
)
2σi2

which leads to the χ2 definition of log likelihood;
log(P ) =

−1 X (Xi − f (a, Yi ))2
+ const
2 i
σi2

This expression can be maximised as a function of the parameters a and this process is
generally called a least squares fit. Whenever least squares is encountered there is implicit
assumption of independence and of a Gaussian distribution. In practical situations the validity
of these assumptions should be checked by plotting the distribution of Xi − f (a, Yi ) to make
sure that it is Gaussian.
Often when working with measured data we need to interpret frequency distributions of
continuous variables, for example in the form of frequency histograms. In order to do this
we must know the statistical behaviour of these measured quantities. The generation process
for a histogram bin quantity (making an entry at random according to a fixed probability)
is strictly a multi- distribution, however for large numbers of data bins this rapidly becomes
well described by the Poisson distribution. The probability of observing a particular number
of hi for an expected probability of pi is given by;
9

P (hi ) = exp(−pi )

pki
hi !

approximates a Gaussian with σ =
√ For large expected numbers of entries this distribution
hi . These facts allow us to see that the standard χ2 statistic is appropriate for comparing
two frequency distributions hi and ji for equal sized samples;
χ2 =

X
i

(hi − ji )2 /(hi + ji )

However, this is not necessarily the best way to analyse such data [33].

B

Covariance Estimation

The concept of error covariance is very important in statistics as it allows us to model linear correlations between parameters. For locally linear fit functions f we can approximate
the variation in a χ2 metric about the minimum value as a quadratic. Starting from the χ2
definition as a least squares formulation using the same notation as previously;
χ2 =

N
(Xi − f (Yi , a))2
1X
2 i
σi2

We can compute the first and second order derivatives as follows;
N
∂χ2 X
(Xi − f (Yi , a)) ∂f
=
∂an
∂an
σi2
i
N
X
1 ∂f ∂f
∂ 2 χ2
∂2f
=
− (Xi − f (yi , a))
)
(
2
∂an ∂am
∂an ∂am
σi ∂an ∂am
i

The second term in this equation is expected to be negligible compared to the first and
with an expected value of zero if the model is a good fit. Thus the cross derivatives can be
approximated to a good accuracy by;
=

N
X
1
i

∂f ∂f
)
∂am

(
σi2 ∂an

The following quantities are often defined;
βn =

1 ∂χ2
2 ∂an

αnm =

1 ∂ 2 χ2
2 ∂an ∂am

As these derivatives must correspond to the first coefficients in a polynomial (Taylor)
expansion of the χ2 ;
C = α−1

where α =

α11 α12 . . .
α21 α22 . . .
. . . . . . αnm

And the expected change in χ2 for a small change in model parameters can be written as
= ∆aT α∆a.

∆χ2
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Process
Addition
Division
Multiplication

Calculation
O = I1 + I2
I1
I2

O =

O = I1 . I2

Theoretical Error
∆O2 = σ12 + σ22
∆O2 =

σ12
I22

+

∆O2 = I22 σ12 + I12 σ22

(I1 )

∆O2 =

σ12
I1

Logarithm

O = log(I1 )

∆O2 =

σ12
I12

Polynomial Term

O = I1n

Square-root

O =

I12 σ22
I24

p

∆O2 = (nI1n−1 )2 σ12

Table 3: Error Propagation in Image Processing Operations

C

Error Propagation

In order to use a piece of information f (X) derived from a set of measures X we must have
information regarding its likely variation. If X has been obtained using a measurement system then we must be able to quantify the precision of this system. Therefore, we require a
method for propagating likely errors on measurements through to f (X). Assuming knowledge of error covariance this can be done as follows;
∆f (X) = ∇f T CX ∇f
The method simply uses the derivative of the function f as a linear approximation to that
function. This is sufficient provided that the expected variation in parameters ∆X is small
compared to the range of linearity of the function. Application of this technique to even simple image processing functions gives useful information regarding the expected stability of
each method (Table 3). When constructing algorithms from such image processing modules
any data dependency will produce problems with noise stability unless the errors are propegated fully for later use [8]. When the problem does not permit algebraic manipulation in
this form (due to significant non-linear behaviour in the range of ∆f (X) or functional discontinuities) then numerical (Monte-Carlo) approaches may be helpful in obtaining the required
estimates of precision.

D Transforms to Equal Variance
The choice of a least squares error metric gives many advantages in terms of computational
simplicity and is also used extensively for definitions of error covariance and optimal combination of data (Appendices B and G ). However, the distribution of random variation on the
observed data X is something that generally we have no initial control over and could well
be arbitrary and so we have the problem of adjusting the measurements in order to account
for this. In addition, we have the problem that different choices for the way we represent
the data will produce different likelihood measures. Take for example a set of measurements
made from a circle, we can choose to measure the size of a circle as a radius or as an area.
However, it can be easily shown that constructing a likelihood technique based upon sampled
11

distributions will produce different (inconsistent) formulations for these two representations
of the same underlying data. Transferrring the likelihood from a distribution of radial errors
will not produce the impirically observed distribution for area due the non-linear transformation between these variables. Which should we choose as correct (or are both wrong)?
Initially these may be seen as separate problems, but in fact they are related and may have
one common solution. To understand this we need to consider non-linear data transformations and the reasons for applying them.
In many circumstances it is possible to make distributions more suitable for use of standard ML formulations (eg: least squares) by transformation g(Xi ) and g(f (a, Yi )), where g
is chosen so that the initial distribution of Xi maps to an equal variance distribution (near
Gaussian) in g. Examples of this for statistical distributions are the use of the square-root
transform for Poisson distributed variables [33] and the asin mapping for binomial distributed data. However, this problem can occur more generally due to the need to have to
work with quantities which are not measured directly.
One good example of this is in the location of a known object in 3D data derived from
a stereo vision system. In the coordinate system where the viewing direction corresponds to
the z axis, x and y measures have errors determined by image plane measurement. However,
the depth zi for a given point is given by;
zi = f I/(Xli − Xri )
where I is the interocular separation, f is the focal length and Xli and Xri are image
plane measurements. Attempts to perform a least squares fit directly in (x, y, z) space results
in instability
√ due to the non-Gaussian nature of the zi distribution. However, transformation
to (x, y, 1/ 2z) yields Gaussian distributions and good results. In general, observation of a
dependency of the error distribution of a derived variable with that variable (in the above case
the dependency of σz on z), is very often a sign that the likelihood distribution is skewed. For
a known functional dependency h the transformation g which maps the variable Xi to one
with equal variance follows directly from the method of error propagation and is given by;
g =

Z

1
dX
h(X)

All of the transformations mentioned above can be generated from this process, including
those which map standard statistical distributions to more Gaussian ones, though the extent
to which this is a general property of this method is unclear. We are now also in a position to answer our questions regarding data representation in ML. The selection of measured
variables from the equal variance domain provides a unique solution to the problem of identification of the source data space.

E

Modal Arithmetic

Sometimes the effects of non-linear calculations on data with a noise distribution affects not
only the variance of the computed quantity but also the mean value. From a likelihood point
of view we can define the ideal result from a computation as the most frequent (or modal)
value that would have resulted from data drawn from the expected noise distribution. We
can find such values directly, via the process of Monte-Carlo, but we can also predict these
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values analytically. We have termed the algorithm design technique which addressed this
issue modal arithmetic [35]. The general method of modal arithmetic for a measured value
with distribution D(x) and a non-linear function f (x) would be to find the solution xmax of
∂[

D(x)
]/∂x = 0
∂f (x)/∂x

with the modal solution of f (xmax ). Modal arithmetic is unconditionally stable, as peaks
in probability distributions cannot occur at infinity. It also has much similarity with some
approaches in statistics which advocate the use of the mode rather than the mean as the most
robust indicator of a distributed variable. In [35] we applied this technique to deconvolution,
as a complex division in the presence of noise, and were able to show that the resulting
solution regenerated the Wiener filter [38], without the need to assume a linear form for the
optimal filter.

F

Hypothesis Testing

Having made quantitative measurements from our system we will ultimately need to make
decisions based upon those measurements in comparison to some predefined model. For
example, do not attempt to move the mobile vehicle through a doorway unless the vision
system estimates that it will pass. Many statistical tests are based on the idea of generating
the probability that data drawn from the expected test distribution would be more frequent
than the example under test. This approach leads to the common statistical techniques of
z-scores, T tests, and Chi-squared tests to name a few. This follows directly from the original
definition of a confidence interval, due to Neyman [20] and yet is rarely used in machine
vision. This is unfortunate, as the methods do not suffer the same restrictions regarding
distributions which apply to covariances.
Hypothesis tests (i.e. does the data conform to the assumed model?) are perfomed on the
basis of one model at a time, in contrast to Bayesian approaches which require all possible
generators (models) of the data. In addition, such statistical tests are fully quantitative.
Probabilities computed from such statistics have the characteristic that the distribution of
values drawn from the assumed model will be flat. This is useful as a mechanism for self
test. The most common form of this statistic is that for a Gaussian and is known as the
error function which is provided as a mathematical function in most languages (e.g. the
erf() library function). However, such statistics can be generated for any model for which
the expected data distribution is known, using the ordering principle. This states that the
ordering of integration along the measurement axis should be defined so that the probability
density is monotonically decreasing. For the Gaussian case shown above this gives the rather
trivial result that we integrate along the standard measurement axis x away from the peak,
as the function is monotonically decreasing from x = 0. Although this is not the only way to
order the data (there are potentialy infinite numbers of equivalent possible ordering schemes
depending upon how we define our variables e.g. x2 ) this is the one which gives confidence
limits which are maximally compact in the chosen parameter domain. Generally, the preferred
parameter domain would be selected as the space in which x was uniformly accurate, so that
this compactness has meaning from the point of view of measureable localisation. This is
sometimes referred to as a “natural” parameterisation and is related to the concept of the
equal variance transform (appendix D).
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In image processing the required distributions can often be bootstrapped directly from
the image (e.g. as in [6]). Under these circumstances the possibility of multi-modal density
functions makes the application of the ordering principle slightly less straightforward.
Finally, as the only requirement for the use of such probabilities is that they have a uniform
distribution, empirical approaches can be used to re-flatten distributions which result from
imprecise analysis. Such hypothesis tests are also easily combined using standard statistical
approaches (See appendix G).

G Data Fusion
Optimal Combination using Covariances
Given two estimates of a set of parameters a1 and a2 and their covariances (α1 and α2 ) we
can combine the two sets of data as follows;
−1
−1
−1
aT = α−1
T (α1 a1 + α2 a2 ) with αT = α1 + α2

This method combines the data in the least squares sense, that is the approximation to
the χ2 stored in the covariance matrices has been combined directly to give the minimum of
the quadratic form. The method can be rewritten slightly giving
aT = a1 + α−1
T α2 ∆a
where ∆a = a2 − a1 . This form is directly comparable to the information filter form of the
Kalman filter.

Optimal Combination of Hypothesis Tests
Hypothesis test probabilities should have uniform distributions (if they are honest). Given n
Q
quantities each having a uniform probability distribution pi=1,n , the product p = ni=1 pi can
be renormalised to have a uniform probability distribution Fn (p) using;
Fn (p) = p

n−1
X
i=0

(− ln p)i
i!

(1)

Proof of this relationship can be generated in the following manner. The quantities pi
can be plotted on the axes of an n dimensional sample space, bounded by the unit hypercube. Since they are uniform, and assuming no spatial correlation, the sample space will
be uniformly populated. Therefore, the transformation to Fn (p) such that this quantity has
a uniform probability distribution can be achieved using the probability integral transform,
replacing any point in the sample space p with the integral of the volume under the contour of constant p. Generalisation of this process to non-integer numbers (which is useful for
cases where we have an effective number of degrees of freedom) and other useful results are
presented in [4].

14

Optimal Combination from Example Data
When the area of neural networks re-emerged as a popular topic in the mid 80’s much was
claimed about the expected capabilities regarding flexibility, suitability for system identification and robustness. Most of these claims were subsequently shown to be optimistic. However, one problem that neural networks are relatively good at is non-linear data fusion. A
neural network when trained on an appropriate form of data with the correct algorithm will
approximate Bayes probabilities as outputs.
The mathematics describing this process is given in [16] but a more intuitive argument
is as follows. Each input vector pattern X defines a unique point in input space. Associated
with each data point is the ideal required output, for example a binary output classification.
As the number of samples grows large the number of examples of data in the region of each
point also grows large. If training with a least squares error function the target output for
each point in pattern space will be the mean of local values. For a binary coding problem the
mean value is the Bayes probability of the model given the data.
Given P (A|B) and P (A|C) can we compute P (A|BC)? We can clearly solve this problem provided these probabilities are independent by simple multiplication. If however the
measures are correlated there is no standard statistical method for this process. This is unfortunate as we would expect a modular (AI) decision system to need to solve this task. Standard neural network architectures trained in the standard way will however approximate
P (A|P (A|B)P (A|C)) for the reasons described above [2]. Provided that there is enough
information in the set of probabilities being fused to regenerate the original data the fusion
process will be able to achieve optimality.
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Figure 1: Technology evaluation flow chart. This diagram identifies the major design decisions which must be addressed in order to deliver quantified outputs from an algorithm.
Transforms are suggested at various stages in order to solve problems associated with nonGaussian behaviour. The label Bootstrap is intended to refer to custom made statistical measures constructed from sample data.
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Figure 2: Block diagram of the updated 3D model matcher. The dashed sections represent
the additional processing of the closed-loop validation. The letters reference table 2
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Figure 3: Typical performance of the original 3DMM on an industrial component.
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